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Problem 1: Matching the Typing Patterns

Summary sheet:

Interpretation of the Problem

For the typing problem, eleven individuals have been submitted to two different typing
methods, measuring the speed (word-per-minute) and the accuracy of the writer. The
results are divided in three categories: one where the identity of the subject is known and
two where it is unknown. Knowing the typing speed and accuracy of an individual may
fluctuate accordingly to the task requested, we can estimate a general typing pattern,
using data recorded while typing several independent samples. It is then possible to
match the individuals with the samples obtained anonymously.

Overview of Methods and Statement of Conclusions

The problem has been divided into two main steps. The first objective was to group the
relevant data together; since the participant #4 did not do the Letter typing exercise, we
could only investigate on #4 with the Quote task. Therefore, the data have been divided
Into two separate sets: the Quote results and the Letter results. Both the Quote and Letter
sets contained each result for the speed and accuracy of the known and unknown writers.
The following method has been used twice to match independently the category two and
the category three with the first one:

Using Lloyd’s algorithm, the numbers of each sections (Given set and Unknown set)
were them reduced to centroid points of both known and unknown writers. It was then
possible to evaluate the distance between the centroids of the known and unknown
clusters to match the officers and the anonymous result sets. Since it occurred that a few
points were assigned to a same individual, Hall’s Stable Marriage theorem was used to
determine the correct matching of the results.

Through the application of the model, | was able to match the eleven officers with their
anonymous Quote and Letter tests. Although there is a small uncertainty as some of the
results were significantly close and Hall’s stable marriage theorem was used to decided
which result was the most appropriate, the results found are demonstrated in this paper.
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Solution:

Assumptions/ Justifications
1. The typing pattern of the officer is the same in both the known and unknown
data sets.

Justification: Although the typing speed and accuracy of an individual differs
accordingly to the task he is doing, W.Chang [1] argues that the typing pattern of an
individual is developed in a natural and unique way, similarly to handwriting. It is
therefore very unlikely that the writing pattern of one of the eleven officers is
different in the anonymous tests than the identified ones.

2. For the third category containing the Letter tests, the officer #4 do not have a
match with the samples Q to Z.

Justification: It is given in the problem that the officer #4 did not do the Letter test.
The results for “Given Letter Speed” and “Given Letter Accuracy” of Person 4 are
indeed non-existent (N/A) in the excel sheet containing the values of each tests
taken by all the officers.

3. There is only one possible match between the officers and the second and third
categories.

Justification: Although this assumption opens the door to a possible mistake in the
matching of the officers and the anonymous results, as the anonymous tests are not
exactly the same as the identified ones, there is no exact match possible. Therefore,
since there will not be any match percentage of 100%, we must assume that the
closest values to a perfect match percentage is the correct one.

4. The results for the anonymous individual ‘K’ for the alternate Quote test #1 are
considered as if they were results of the regular Quote test #1.

Justification: The individual K had an alternate Quote test #1 that has not been done
by any other officer. However, according to the Difficulty Averages for each Quote
test that are given to us shows that the alternative test and the test #1 both have the
same Difficulty average of 60. Since the difficulty is the same, the results of
alternative test are considered the same as if they were the results of test #1.
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5. For each individual, known or unknown, the cluster of points of this individual is
only represented by its own centroid and do not affect the centroid of another’s
cluster.

Justification: As the amount of data is significant, the distribution of the data on the
graphs can become quite confusing. As there is also a large amount of overlapping
points, some values of one individual could be considered in another person’s cluster
of points and therefore affecting its centroid value. Hence, the results to the tests of
one individual is considered as its one and only cluster, with a centroid using only
this same individual’s parameters.

6. There is only one iteration necessary for the Cluster’s centroids.

Justification: As the clusters are respectively pre-determined by the results of one
individual only, there is no need to do multiple iterations to find multiple new
positions of the centroids.

Usage of Method(s), Variables and Parameters
The first step was to gather the relevant information together. As mentioned
previously, the results were divided in two categories: The given and anonymous
results for the quote tests, and the given and anonymous results for the letter tests.

The values of speed (word-per-minute, or WPM) were treated as X values, and the
accuracy as Y values. For both the quote and letter tests, the X and Y values were
used to create a graph with the clusters of each known individual 1 to 10 A to K for
the quote test, and Q to Z for the letter test.
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As it can be seen in the graph shown above, it is very difficult to identify the different
individuals. That’s when the creation of centroids becomes very useful. This is the
formula to calculate de centroid of a cluster:

k
1
ar minz Z llx — yl|?
8 i=12|Si| Y

y,x €S

S; here is the the number of sets (eleven in our case)
Yy xesllx — yll? is the Eucledian distance.

Using the formula mentionned above, it is applied to the twenty-two clusters that were
created in the graph 1. The following graph shows the centroids of the clusters of the
quote tests for the Person 1 to the Person 11 and for the individuals A to K.

2 -SIMPLIFIED CLUSTERS FOR THE
QUOTES
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Thanks to the new graph, four main clusters can be observed. It is also much easier
to see the similarities between the known typing pattern and the anonymous typing
patterns. Using again the Eucledian distance, this time between the centroids, it is
possible to find the matches between 1-10 and A-K. When the Eucledian distance is
minimal, the two centroids can be related as a “match”.
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Below are the results of the Eucledian distance between the individuals 1-10 and
the individuals A-K:

A B C D E F G H | J K
Person 19.47 17.34 1.000 28.84 26.81 26.92 17.58 23.88 5.326 27.84 2479
1 99 04 7 28 41 16 03 27 8 80 3
Person 43.68 7.689 24.10 4.141 51.10 4988 4197 5.351 19.58 3.146 22.88
2 79 5 07 4 72 4 80 0 77 2 62
Person 4246 6.028 22.58 8.052 49.84 3.907 40.61 0955 17.73 7.250 20.91
3 73 2 71 5 42 8 92 9 37 6 05
Person  2.072 38.61 21.85 49.72 5.405 48.27 3.854 45.28 26.73 48.74 23.70
4 7 23 30 17 5 72 4 12 98 36 49
Person 0.924 36.67 19.99 47.64 7.505 46.36 2.787 43.41 2492 46.67 21.99
5 9 29 86 30 5 47 4 23 84 06 29
Person 1.492 3530 18.61 46.30 8.811 44.99 1.906 42.03 23.54 45.32 20.60
6 3 20 66 12 4 10 2 38 46 71 75
Person 19.48 17.13 1.046 28.37 26.88 26.81 17.69 23.86 5.576 27.38 3.665
7 54 21 0 10 64 26 69 34 4 27 4
Person 4246 6.004 2258 7.970 49.84 3.888 40.62 1.009 17.73 7.164 20.92
8 61 8 74 9 48 7 08 0 91 5 06
Person 43.18 8.342 2390 4.691 50.60 7.317 41.55 7.624 19.64 3.833 22.93
9 92 1 48 1 06 5 37 9 18 5 71
Person 39.05 2980 19.36 8.938 4647 7.738 3730 5.711 1479 7.942 18.09
10 52 6 37 4 10 8 81 7 74 0 35
Person 27.67 8942 7.866 20.37 35.07 18.62 25.87 15.70 3.488 19.37 6.746
11 68 8 8 24 48 26 30 16 8 69 8

As it can be noticed, Person 1 and Person 2 both have two possible match. Since it is
assumed that only one match is possible for each individual, we use Hall’s Stable
Marriage problem (HSM).

The HSM problem is used to match two sets of same size, using an ordering of the
preferences [2] for each elements. There is also the fact that once an element is
matched with another one, it become unavailable and cannot be matched again.
Following this theory, Person 1 has a better match with the individual C as the
Eucledian distance is smaller than for the individual K. As person 1 become
unavailable, the following match attempt for K is with Person 7, which is avaible.
Hence, 7 and K become a pair. The same logic is used with Person 2, and D will get
paired with Person 9.
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Using the same model and logic, every steps used to paire Person 1-10 and A-K are
now used to match Person 1-10 with Q-Z. The following table is obtained :

Person
1
Person
2
Person
3
Person
5
Person
6
Person
7
Person
8
Person
9
Person
10
Person
11

Using the HSM problem again, W will get paired with Person 1 as it is the only

Q

6.5440

5.9637

6.7352

4.0464
11.071
5

0.9901
11.483
1
11.621
1
24.867
3

6.7827

R S
13.200

2 4.1412
12.622

2 4.3302
11.191

4 4.5100

9.9440 4.5785
17.876
4.8297 3

5.9506 9.4870
18.054

2 4.8227
18.203

0 5.0190
31.425 17.344

1 7
13.411

9 3.7316

T

1.4506

1.2776

7.5804

4.7082

17.072

6.7692

6.0771

6.1648

19.216

1.8843

U

5.7901

6.3543

9.6986

8.9819
22.592

13.109

0.7901

0.7473

12.678

5.4733

Vv

5.8226

5.4583

1.7891

1.8118

12.954

5.8564

9.3545

9.5385

22.271

5.7252

Person available with a small score matching W.

Conclusion to the problem

W
4.3991
4.1801
2.2609
1.9026
14.882
8
6.9219
7.4144
7.6010
20.314

9

4.1954

X

5.5143

5.0547

3.1174

1.3118

12.370

4.5467

9.6337

9.8066

22.805

6

5.5167

Y

4.5438

4.9708

6.7601

6.5219
20.027

11.154

2.7516

2.9457

15.150

4.1176

17.856

18.436

21.493

21.234

34.839

25.250

12.938

12.788

1.1953

17.605
1

In conclusion, Using Lloyd’s Theorem and Hall’s Stable Marriage problem, it became

possible to match the known officers with the anonymous tests taken.

After dividing the data into two distinct sets and creating the corresponding

clusters, the distance between the centroids of the said so clusters have been

calculated to find the shortest distance between the unknown centroids and the
identified ones. Using Hall's stable marriage problem, the pairs have been made
according to their corresponding similarities.
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The following results have been found:

Analysis and Assessment

This model has the major flaw of not being exact. Hall’s stable marriage
problem/theorem allows to get a definitive answer that is correct 99.9% of the time.
However, there could be mistakes and no way in the current model to see it.

On the other hand, this model uses basic principles, allowing changes. Indeed, if the
changes made in the model are incorrect, due to the simplicity of this model it would be
flagrant, and therefore minimizing the possibility of having a major error without
noticing it.

It does react positively to the changes of variables, thanks to the fixed *’framework’’ of
the model. The equations are relatively simple, without complex relationships between
the different parameters, hence forbidding crossed-linked error; There is always a
maximum of two variables interacting at the same time.
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Problem 2: Taxi Drivers in New York City

Summary Sheet:;

Interpretation of the Problem

For this problem, we take into consideration that there are times in the day when
taxis are vacant (or unoccupied). Some say that to get customers, they should drive
to the city center where there is usually a lot of people. Knowing the exact latitude
and longitude of all pickups and drop-offs of taxi drivers in New York City
(Manhattan), we are asked to prove or dismiss the popular idea that more
customers are in the center of the city. From there, two questions have been raised:
First, what should a taxi driver do when it’s car is vacant? Secondly, what should the
head of a taxi company advise to his drivers?

Overview of Methods and Statements
The problem has been divided in multiples steps:

For the first question, the main concern was to find new customers for the taxi
drivers. The main concern was to find where were the largest pickup areas, and
whether or not these areas were in the center of the city. For that I: Associated each
pickup location to one of the nineteen districts of Manhattan, Calculated the
percentage of the pickups locations in the center area of the city, and Calculated
which districts had the largest pickup percentages.

For the second question regarding the head of the taxi company, the focus was on
the monetary aspect of the problem. As a head of a company, the most key factor is
money. If the runs are further apart but gives a significant amount of money, the
longer runs are favored. For that [: calculated the average total amount and the
districts that are above that general average, and then the average of runs per
district.

Overall, the main method used for this problem is Lloyd’s algorithm (k-mean
clustering). It is used to separate the runs into districts that are represented as
centroids, using their longitude and latitude location.

Using this method, | was able to identify the nineteen districts of Manhattan as
centroids, to create clusters with the latitude and longitude of the pickups location,
and to identify the main clusters responsible for 1) the most customers and 2) the
larger average total amount per run for each district.

Basic mathematics such as calculating averages and sums have also been used.
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Solution:

Assumptions/ Justifications
1) The data given in the short sample of 500,000 taxi runs are representative of the
general pool of values given for the entire year.

Justification: As | did not have enough time to write a functional program that would
calculate the results for the large version of data and since | used Excel for my
calculations, the amount of values for the large sample is simply too important for excel
to run. Since it was offered to download a shortest version of the data, it will be
considered as representative of the large sample.

2) The number of customers per districts remain the same through the years.

Justification: As the question asks for the head of a company to make decisions, it is
assumed that throughout the years, the customer distribution will remain the same.

3) Only pickup locations are relevant for the first sub-problem (what should a taxi
driver do if his taxi is vacant?).

Justification: Since the problem asks for us to determine where the taxi drivers should get
their customers, only pickup locations are relevant. Also, it could happen that a customer
wants a ride from inside toward outside of Manhattan, however these kinds of runs are
rare and will not be considered in the calculations.

4) The center of the city is defined by eight (8) districts: Central park, Chelsea,
Garment, Gramercy, Midtown East, Midtown West, Murray Hill, and Time
Squarer.

Justification: [3] The New York Times made an article about the different districts of
New York City and their location. Hence, the districts mentioned above are and will be
considered as the center of the city for this paper.

Usage of Method(s), Variables and Parameters

The first step was to identify the relevant variables. In a document given to us contains a
list of the first 500,000 taxi run. This list contains multiple variables for each trip: the
time of the pickup and the drop-off, the location of the pickups and drop-off using their
latitude and longitude, the trip distance, the fare amount, the extras, the MTA taxes, the
Improvement surcharge, the tip and tolls amount, and finally the total amount charged to
the passenger.

Such amount of variable can be confusing and needs to be reduced to the relevant ones
only. Using the assumptions mentioned above, only the pickup locations will be use
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when it comes to location. For the monetary aspect, the variables can be reduced to the
total amount charged to the passenger as in includes all the other money related variables.

Moreover, since Lloyd’s algorithm is used, the centroids of the clusters will be the
location of the districts. There are nineteen (19) districts in Manhattan [4] (locations
found with [5] Latlong.com in function of their longitude and latitude). The clusters are
created using the latitude and longitude of the pickup location for all the taxi trips.

Finally, it has appeared while writing this paper that the distance of the trips was also an
essential element. As it will be discussed further in this paper, the difference in the
averages of the total amount charged to the clients per districts comes from the distance
between the pickup location and the drop-off location. It seems as if the customers of
different districts have different travel habits according to their location.

Hence, for this problem, the variables used are: The locations of each districts (found
with [5] Latlong.com), the location of the pickups, the total amount charged to the clients,
and the distance between the pickup location and the drop-off location.

Manhattan is divided into nineteen districts that have been assigned a number from
1to 19:

1 Central park 11 Lower East Side
2 Chelsea 12 Midtown East

3 Chinatown 13 Midtown West
4 East village 14  Murray hill

5 Financial district 15 SoHo

6 Garment 16 Time Square

7 Gramercy 17 Tribeca

8 Greenwich 18 Upper East Side
9 Harlem 19 Upper west side

10 Little Italy
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We then create a first template containing location of the districts as centroids:

Location of the centroids - Districts of Manhattan

-73,9400000

-73,9500000

-73,9600000 e 13
-73,9700000

-73,9800000 14
-73,9900000

-74,0000000 15
-74,0100000 500 17
-74,0200000

40,7000000 40,7200000 40,7400000 40,7600000 40,7800000 40,8000000 40,8200000

It is immediately possible to observe that the centroids shape the island of
Manhattan. This confirms that the centroids and their locations must be exact.

Lloyd’s algorithm is then applied to the 498,674 pickups location. As a reminder
from the previous problem, This is the formula to calculate de centroid of a cluster:

k
1
ar minz z llx — y]|?
ST LS g

y,x €Sj

S; here is the the number of sets (eleven in our case)

Yyxesllx— y|I? is the Eucledian distance.

The clusters with the pickups location values are too close for us to be able to
distinguish the different clusters. However, using Excel and the IF condition, the
pickup locations are assigned to the districts they belong to.

Example of the IF condition:

=(IF(AF2=M2;$M$1;IF(AF2=N2;$N$1;IF(AF2=02;$0$1;IF(AF2=P2;$P$1;IF (AF2=
Q2;$Q$1;IF(AF2=R2;$R$1;IF(AF2=52;$S$1;IF(AF2=T2;$T$1;IF (AF2=U2;$U$ 1;IF

AF2=V2;$V$1;IF(AF2=W2;$W$1;IF(AF2=X2;$X$1;IF(AF2=Y2;$Y$1;IF(AF2=22;$Z
$1;1F(AF2=AA2;$AA$1;IF(AF2=AB2;$AB$1;IF(AF2=AC2;$AC$1;IF(AF2=AD2;$AD$
LIF(AF2=AE2;$AE$1;0))))))))))))))))))))
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The results are displayed in the following table:

Percentage of

Districts Number of runs
Columnl runs
1 Central park 16091 3,2268%
2 Chelsea 6 0,0012%
3 Chinatown 0 0,0000%
4 East village 0 0,0000%
5 Financial district 17845 3,5785%
6 Garment 2 0,0004%
7 Gramercy 175 0,0351%
8 Greenwich 1 0,0002%
9 Harlem 153908 30,8634%
10 Little Italy 1 0,0002%
11 Lower East Side 169922 34,0748%
12 Midtown East 20177 4,0461%
13 Midtown West 3 0,0006%
14 Murray hill 1 0,0002%
15 SoHo 0 0,0000%
16 Time Square 0 0,0000%
17 Tribeca 23 0,0046%
18 Upper East Side 118322 23,7273%
19 Upper west side 2197 0,4406%
total 498674

Using the data for the nine districts mentioned earlier that represents the center of
the city, it is calculated that only 7% of the runs starts in the Center of the city.

The locations are first divided into two categories : 1 if the location belongs to one of
the nine districts, 0 if it belongs to another district:

=IF(AG2=$AL$2;1;IF(AG2=$AL$3;1;IF(AG2=$AL$17;1;IF(AG2=$AL$7;1;IF(AG2=
$AL$15;1;IF(AG2=$AL$13;1;IF(AG2=$AL$14;1;IF(AG2=$AL$8;1;0))))))))

Then, the 1 locations are added and divided by the total runs:

Taxi trips starting in the

Center of the City
36455
7%
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[t is then concluded that no, if your taxi is vacant, going to the center of the city will
not get you more customers.

From there, the question was: If the center of the city is not the main way to get
customers, where are the customers?

As it can be seen in the table above, Harlem represents 30.86% of the pickups,
Lower East Side 34.07%, and Upper East Side 23.72%. None of these locations are in
the Center of the city and yet they represent 88.65% of the pickups.

Now, as the first question has been answered, the following step was to work on the
head of the company question. As mentioned in the Assumptions section, the key
element for the head of a company is monetary. Hence, the total amount of money
charged to the clients is the variable used for this section.

First of all, a general average of the total amount has been calculated. The general
total amount is $14.34. Then, using the IF function again, the 498,674 taxi trips are
divided into two categories: 1 if the total amount is above or equal to the average, 0
if itis not.

Example of function used: =IF(L2>=$AK$6;1;0)

Then, the number of trips having a total amount superior or equal to the average
were computed per districts. The average per district was also calculated. The
results are shown in the following table:

Districts Above Average Average per District

1  Central park 4791 2.863% 13.629

2 Chelsea 4 0.002% 100.2

3 Chinatown 0 0.000% 0

4 East village 0 0.000% 0
Financial

5 district 8114 4.849% 17.3849

6 Garment 2 0.001% 26.8

7 Gramercy 77 0.046% 15.0986

8 Greenwich 1 0.001% 68

9 Harlem 43440  25.958% 14.4481

10 Little Italy 1 0.001% 17.8

Lower East

11 Side 68031  40.652% 15.5532

12 Midtown East 10125 6.050% 17.3095
Midtown

13 West 3 0.002% 128.75

14 Murray hill 1 0.001% 18.3
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15
16
17

18

19

SoHo 0 0% 0
Time Square 0 0% 0
Tribeca 16 0.010% 85.8314
Upper East
Side 32148  19.210% 13.2672
Upper west
side 596 0.356% 13.38620784
total 167350 100.000%

This table shows that:

D

2)

The number of total amount above the average per districts is not very
relevant. Since there are a larger population taking the taxi in Harlem,
Lower East side, and Upper East side as it was proved earlier, the
percentage of total amount above the average is necessarily important.
Even if a person in Time square gave a thousand dollar, it would still
represent a small percentage as it is only a single person versus the 68,031
individuals above the average who took the taxi in Lower East side

Unlike the previous point, the average total amount per district is more
revealing of the customer’s habits. The trips in the districts with the most
customers seems to have a lower average of total amount of money
charged to the client. Indeed, Midtown West and Chelsea both have
averages above $100, while Harlem, Lower East Side, and Upper East side
have averages around $14-$15.

As the head of a taxi company, the question following these results would be: why?

The answer to this question, seems to rely on the trip habit of the customers, and
more specifically the customers of each districts. Hence, the following table shows
the percentage of users who stays in the same district from the pickup to the drop-

off:
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1 Central park 2874 16091 18%
2  Chelsea 4 6 67%
3 Chinatown 0 0 0%
4 | Eastvillage 0 0 0%
5 Financial district 5439 17845 30%
6 Garment 2 2 100%
7 Gramercy 2 175 1%
8 | Greenwich 1 1 100%
9 Harlem 107766 153908 70%
10 | Little Italy 1 1 100%
11 Lower East Side 113883 169922 67%
12 | Midtown East 5771 20177 29%
13 Midtown West 2 3 67%
14 | Murray hill 1 1 100%
15 SoHo 0 0 0%
16 Time Square 0 0 0%
17 Tribeca 18 23 78%
18 | Upper East Side 86564 118322 73%
19 Upper west side 522 2197 24%

The results show that Harlem, Lower East Side, and Upper East side’s customers
tend to stay in the same district around 70% of the time. Some results are excluded
such as the percentages of Garment or Little Italy as the sample size is too small to
get a proper representation (i.e 1 or 2 individual versus 85,564 or 113,883
individuals).

Hence, the smaller average of total amount charged to the client can be explained by
the habits of the customers, which tends to differ depending on their pickup district.

Finally, the last step was to determine whether it is more profitable to do a larger
amount of trip for a smaller amount of total charges, or a lesser number of trips but
for a greater amount of total charges.

As Harlem, Lower East Side, and Upper East Side represent 88% of the total trips
accomplished within the time frame of the given data, and with an total amount
average of $14.45, $13.27, and $15.55 respectively, the total amount of money for
those three districts is $6,436,311.

Out of a total of $7,350,273.25, those three districts represent also 87.6% of the
total amount of money. Therefore, it can be concluded that it is more profitable to
make multiple small trips than fewer longer trips.
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Conclusion to the Problem

In conclusion, using Lloyd’s algorithm and by modelling the data, it became possible
to answer the two questions of the problem:

First, it is not true that when the taxi is vacant, the taxi driver should go to the center
of the city. As demonstrated earlier, the larger group of customers are in three
distinct districts: Harlem, Lower East Side, and Upper East Side. These three
districts represent 88% of the total trips. So as a taxi driver, if my taxi is vacant, |
would head toward one of these three districts, whichever is the nearest.

Second, as a head of a taxi company, my main interest is the money. Hence, using the
calculations made earlier, it is more profitable for my company to run multiple small
distances than fewer large distances. It is also more profitable to be in a district
where the average of the total amount is lesser but with a larger pool of customers.
As the head of a taxi company, | would recommend to my drivers to take clients that
stays in the same district or within a small radius of their pickup position, to be able
to do more trips.

Analysis and Assessment

The model is viable if there are no major changes in the city. As New York City is a
city that is constantly changing, this model would need to be updated frequently to
keep up with New York’s life style. However, if it is considered that the first 498,674
trips given as data are representative of the larger sample of data, then this model is
quite viable. There are not a substantial number of variable, hence preventing major
calculation mistakes or too complicated formulas. Since this model is mostly
accessible to most of the population, it is also a positive aspect of it.

If there had to be a major change in the population’s habits, the results above would
be false but one of the good points of this model is that it can be adapted quickly.
With a little more time, there could have been a program written for this model],
where it would only be necessary to change the variables that were modified and
the “skeleton” of the model would remain unchanged.
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